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Why now

e 4 need

* Hair, grass, vegetation, contours, etc
* Linear approximations or alpha blending are running its course

e Significant progress in studies of polynomials
since Galois’ last letter

 \Vincent—Akritas—Strzebonski (VAS, 2005) is used by
Mathematica, Sage, etc

* Math is mostly elementary

* Far-reaching similarities between Bernstein polynomials and
root-isolation techniques (not fully recognized yet)



What

* Ray tracing cubic Bézier curves
e i.e. finding curve’s t for ray/curve intersection(s)
e Rasterization is quite different (t - geometry)

* Degree 3 is sufficient
* [t is expressive enough (inflection points & smooth connections)

e Longer curves will be chopped into pieces anyway by
acceleration structures

* Will not talk about
* Building acceleration structures
e Shading
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(at least) two approaches

e Ray " thick curve Minimum distance
more thrilling more universal (and easier)




Why t?
f

't looks simple...



Why t?

,‘/*

..but itisn’t
*t = geometry is easy
*geometry - t is not

* Yet we have to recover Pa rameters
to keep everything in an analytical form
* normals
* texture maps
* etc




These approximate 2D methods will not work

Batra et al. 2015;
Ganacim et al. 2014;
Kilgard and Bolz 2012;
Liao et al. 2012;

Loop and Blinn 2005;
Nehab and Hoppe 2008,
2012;

Qin et al. 2008;

Ray et al. 2005;
Reshetov and Luebke 2016;
Sen 2004;

Sun et al. 2012;

Tarini and Cignoni 2005

not because it is 2D,
these methods will not produce
a (good) curve’s parameter t



Project’s inspiration
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* Hook and McAree [1990]
introduced (to graphics
community) Sturm sequences
for solving equations




(my understanding of Sturm sequences)
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State-of-the-art: adaptive linearization

Sederberg and Nishita [1990]; * Just chop the curve into pieces
until it can be safely
Nakamaru and Ohno [2002]; approximated with a line

* “Chopping” is done by
(recursively) splitting the curve
Qin et al [2014]; in half during rendering

J

Barringer et al [2012];

* Works best for almost-linear
Woop et al [2014]; curves; the curves are pre-split

by an acceleration structure
Chiang at al [2015] anyway



Why state-of-the-art is srmart

* |t is effectively a bisection search of polynomial roots
(corresponding to the minimum distance)
while simultaneously

* isolating roots of the equation.

* Splitting in half can be done efficiently by using
curve’s control points

e Alternatives (YHook and McAree) are more challenging:

 Computing Sturm sequences requires a long polynomial division

* Traditional root-finding techniques (Newton-Raphson, secant, etc) have
a lot of issues due to the target function non-linearity



Proposing something drastically different




Budan

Ve
/
~
e

—_—

1. single hair 2. lock 3. curls 4. straight 5. curly
average kernel time 13.6 33.1 57.0 116.0 145.6 90.8
in nanoseconds 675.6 675.2 697.0 793.4 1113.0 753.9
average distance 7.7 % 10710 1.8 x 10719 2.6x 10710 4.1x 10710 2.9 x 10710 5.5 % 10712
error 2.3% 1070 6.8 x 1077 9.8 x 1077 7.4 %1076 4.5%x 1077 5.9x 1077
maximum distance 2.7%1078 8.3x 107’ 1.2 X 107 9.7 %1077 1.7 X 107> 2.0x1078
error 6.9 107> 4.2 %107 2.1x1074 9.1x 1074 1.7 %1073 1.9 107>
1000X error best worst
reduction as a performance performance
side effect improvement improvement



Four (trivial) contributions

1. Raycentric coordinate system

2. Root localization (the Budan etc thing)

3. Splitting only in the parametric domain t & [0,1]

4. Non-linear root finding



1. Raycentric coordinate system
*Using a sole d.o.t. to allow tight clipping

2. Root localization (the Budan etc thing)
* Optimizing it for Bézier Curves
* And allowing efficient conversions

3. Splitting only in the parametric domaint & [0,1]
* Not splitting control points at all

4. Non-linear root finding
e Ridders method [1979




We need minimum of distance(curve(t), ray)

_______________________________________ max halfwidth
- > t




Ray-centric \coordinate system

original 3D this distance

Bézier Curve

\is equal to this one



Dimensionality reduction

the ray will not intersect
the swept volume

if the projected curve
does not intersect this circle
then




Choosing|axes wisely

Z axis =ray’s d

< 1 d.o.f. : X axis

y=Xxd



How to choose x axis?
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How to choose x axis

it is orthogonal to d X = some_vector x d
cubic Bézier curve as b(t) =uy+u,t+u,2+u;t3
a univariate polynomial where u; are 3D vectors and £ 0, 1]

t £) = (b(t) - o)xd
distance from b(t) totherayo+sd vl where v(i)=(b(}) - 0)

using MuBayopacg theorem i.e. cathetus = hypatenuse sin A
x coordinate of v(f) in {x y, d} v(t) - X

orthonormal coordinate system

if we choose Xx=uzxd

then the cubic term of v(t) - X is u; -uzxd =0



Ray-centric \coordinate system

cubic polynomial z(t)
« quadratic polynomial q(t)
@olynomial c(t)

only need these two while
searching for the minimum
of distance? = q(t)? + c(t)?




Dual space clipping
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Dual space clipping: interval reduction

and this one can be

Budan-Fourier & Vincent’s

reduced even further using

\ this interval can be
excluded by analyzing

the cubic term

— cubic c(t) — quadratic q(t) distance = \] c?+q?

1.0

0.5+

-1.0t

derivative of distance

0.0—

only these intervals can

potentially include
min distance < halfwidth

2



2. Root localization (the Budan etc thing)

— distance = c2+q2 — derivative of distance?
1.0
0-5\/
2 T oz
05|
minimum of distance? @ root of its derivative
1.0l sextic quintic

polynomial polynomial



Details are in the paper...

* plus Mathematica code
(I just will provide some insights now)

e \We want to know # of roots of
p(t) for t € [t,, t,]




Details are in the paper...

* plus Mathematica code
(I just will provide some insights now)

* Only interested in three cases:
0, 1, or many
* More than 1 root = split (=1% cases)




Details are in the paper...

* plus Mathematica code
(I just will provide some insights now)

* Only interested in three cases:
0, 1, or many
 More than 1 root = split (1% cases)

e One root -
reduce the interval and find the minimum




Details are in the paper...

* plus Mathematica code
(I just will provide some insights now)

* Only interested in three cases:
0, 1, or many
* More than 1 root = split (=1% cases)

e One root >
reduce the interval and find the minimum

* No roots = drop the interval. Examples:

c(t) > |ha|fwidth|
t) <
t)2 + c( t)2 > halfwidth?
)

tq'(t) + c(t)xc’(t) # 0

W

Z(
q
q(




Insights: Descartes' rule of signs
p(x)

p(x)=A+ B x has aroot forx € [0, ©] iff
A >0andB<0 or

A <0andB>0 ie.

the sequence of the polynomial coefficients {A, B} changes sign once
(it can be generalized for higher degrees by induction)



15-16t" centuries

e 1637: Descartes’ rule of sign
» ## of polynomial roots < 5 sign differences between its coefficients
* no proof, just a few confirming examples

* Wallis’ claim: it was proposed by Harriot before
* 1627-1629: Anglo-French War

e 1707: the rule restated by Newton

* No proof either

* Encyclopaadia Britannica:
“he considered its proof too trivial to bother recording”

e 1728 : first (flawed) proof by Segner (written in Latin)
e 1742: first real proof by De Gua



The problem: we need [g, b] and not [0, oo]

e 1807: Budan's theorem

p(x) has no real roots in [a, a+1]
if p(a) and p(a+1) have the same number of sign variations equivalent

e 1820: Fourier's theorem formulations

compute # of sign variations lost from a to b in
p(x), p’(x), p”(x),... p™(x)

e 1834: Vincent’s theorem
based on continued fractions

e 1829: Sturm sequence: exact #, though it requires
long polynomial division



Fast-forward to 20" century




20 century

e 1948: Uspensky's implementation of
Vincent's theorem “faster than
Sturm’s algorithm”

Historical trivia:

Unfortunately, Uspensky did not have
access to Vincent's original paper of 1836,
in which Budan’s theorem is cited, and his
implementation is actually slower than
Sturm’s

Delaunay Uspensky




20 century

e 1948: Uspensky's implementation of
Vincent's theorem

e 1978: Akritas read about Vincent's
theorem in Uspensky's book and
made it the topic of his Ph.D. Thesis

"Vincent's Theorem in Algebraic
Manipulation”




20 century

e 1948: Uspensky's implementation of
Vincent's theorem

e 1978: Akritas found Vincent's
theorem in Uspensky's book and
made it the topic of his Ph.D. Thesis
"Vincent's Theorem in Algebraic
Manipulation”

e Fortunately for Akritas, the heroic
librarian at the University of
Wisconsin was able to get ahold of
the original Vincent's paper
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Vincent—Collins—

| Akritas (VCA, 1976)

1. p(UpperBound x)
1
2. (1+x)"p(—)

1+x

3. > sign differences
1+x

4. p={pQ3), P}

Vincent-Alesina—
Galuzzi (VAG, 2000)

a+b x
)

1+x
2. > sign differences

3. bisect [a, b]

Vincent-Akritas—
Strzebonski
(VAS, 2005)

| fine-tune splits




What is important for us

* VVincent—Collins—Akritas form (1 + x)" p(ﬁ) for x € [0,1] is easy
to compute for Bézier curves in Bernstein form

* vet we already have a reduced interval [a,b] and Vincent—Alesina—Galuzzi
(1 n X)” p(a+b X

1+x

) is somewhat more challenging

What we can do though (see the paper) / - by X \
« Compute Fourier sequences a;and b;forx =0andx =1 C bs
10b, — 4b, + —

* And then on interval [a,b] using the chain differentiation rule 2

as
« Convert to VAG representation for the derivative of distance? as | 10a1 +4a; +—=

(VAG sequence for distance? is computed as partial sums) \ Sa; + a, /
aq




1. Raycentric coordinate system
*Using a sole d.o.t. to allow tight clipping

2. Root localization (the Budan etc thing)
* Optimizing it for Bézier Curves
* And allowing efficient conversions

3. Splitting only in the parametric domaint € [0,1]
* Not splitting control points at all

4. Non-linear root finding
e Ridders method [1979




1. Raycentric coordinate system
e Using a sole d.o.f. to allow tight clipping

2. Root localization (the Budan etc thing)
* Optimizing it for Bézier Curves
* And allowing efficient conversions

3. Splitting only in the parametric domaint & [0,1]
* Not splitting control points at all

4. Non-linear root finding

Go over 37 entries at https://en.wikipedia.org/wiki/Category:Root-finding algorithms
and choose the best one (see the paper for the discussion)




..+ Difficult cases for linear methods

0.8

0.4

0.2

“The hardest thing of all is
i o2 *3  black cat in a dark room, espe
< there is no cat.” — Confucius

find a
f



Summary



Compute only q(f) and solve q(t) == +r

Compute c(t), z(t) and validate the interval(s)

Find # of roots using Fourier sequences

Convert Fourier sequences to VCA; check for distance > r;
recompute # of roots if Fourier says it > 1

Split the interval and continue with each part

Apply Ridders’ to the reduced interval and find min(distance)

O

true

Gl

d>r?

true

true

true

true

true

reject the
interval




Scripts & backup



How to choose x axis

it is orthogonal to d X = some_vector x d
cubic Bézier curve as b(t) =u,+u; t+u, t? +u, t3
a univariate polynomial where u; are 3D vectors and t € [0, 1]

distance from b(t) totheravo+s d v(t)l, where v(f) = (b(t) - 0)=d

using MuBaydpag theorem l.e. cathetus = hypotenuse sin a
x coordinate of v(#) in {x, v, d
| () in {x,y, d} v(h) - x
coordinate system
if we choose x=u;xd

then cubic term of v(t) - x is u;-u;xd =0



(at least) two approaches
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Why t?

par.halfwidth = 0.005; bc(:,1) = [0,0,0]; bc(:,2) = [1,0.01,0.01]; bc(:,3) = [0.5,0,0]; bc(:,4) = [1,0,0];
clf; hsShowBC(bc, par, [0.2,0.4,0.8], 0); axis vis3d; axis off; material metal; lighting phong; axis tight;
printcam(cam); light('Position’',[0.5,-3,2], 'Style','local’', 'Color','c'); camlight headlight; figure(4);

print('-dpng', '-r768', 'w:\ortvet\hair\rayBC\paper\HPG 2017 presentation\\straight curve 1 color.png');



..+ Difficult cases for linear methods

0.8

0.4

0.2

“The hardest thing of all is
i o2 *3  black cat in a dark room, espe
< there is no cat.” — Confucius

find a
f



